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GERSTENHABER ALGEBRA STRUCTURE ON THE COHOMOLOGY OF A
HOM-ASSOCIATIVE ALGEBRA
APURBA DAS
Abstract. A hom-associative algebra is an algebra whose associativity is twisted by an algebra
homomorphism. In this paper, we define a cup product on the cohomology of a hom-associative
algebra. We show that the cup product together with the degree −1 graded Lie bracket (which
controls the deformation of the hom-associative algebra structure) on the cohomology forms a
Gerstenhaber algebra. This generalizes a classical fact that the Hochschild cohomology of an
associative algebra carries a Gerstenhaber algebra structure.
1. Introduction
It is a classical fact that the Hochschild cohomology H•(A,A) of an associative algebra A carries
a Gerstenhaber algebra structure [4]. A (right) Gerstenhaber algebra is a graded commutative,
associative algebra (A = ⊕i∈ZA
i,∪) together with a degree −1 graded Lie bracket [−,−] compatible
with the product ∪ in the sense of the following Leibniz rule
[a ∪ b, c] = [a, c] ∪ b+ (−1)(|c|−1)|a|a ∪ [b, c].
For an associative algebra (A, µ), it is proved in [4] that the Hochschild cochain groups C•(A,A)
carries a (cup) product ∪ : Cm(A,A)⊗ Cn(A,A)→ Cm+n(A,A) defined by
(f ∪ g)(a1, . . . , am+n) = µ(f(a1, . . . , am), g(am+1, . . . , am+n)).
It turns out that the Hochschild coboundary operator is a graded derivation with respect to the
cup product. Hence, it induces a cup product ∪ on H•(A,A). Moreover, it is shown in [4] that
the cochain groups C•(A,A) carries a degree −1 graded Lie bracket compatible with the Hochschild
cobundary. Therefore, it gives rise to a degree −1 graded Lie bracket on H•(A,A).
Recently, hom type algebras have been studied by many authors. In these algebras, the iden-
tities defining the structures are twisted by homomorphisms. The notion of hom-Lie algebras was
introduced by Hartwig, Larsson and Silvestrov [6]. Hom-Lie algebras appeared in examples of q-
deformations of the Witt and Virasoro algebras. Other type of algebras (e.g. associative, Leibniz,
Poisson, Hopf,...) twisted by homomorphisms have also been studied. See [8,9] (and references
there in) for more details. Our main objective of this paper is the notion of hom-associative al-
gebra introduced by Makhlouf and Silvestrov [8]. A hom-associative algebra is an algebra (A, µ)
whose associativity is twisted by an algebra homomorphism α : A → A. The commutator bracket
of a hom-associative algebra gives rise to a hom-Lie algebra. A step towards the noncommutative
geometry of hom-associative algebras have been initiated [7].
In [1,9] the authors studied the formal one-parameter deformation of hom-associative algebras
and introduce a Hochschild type cohomology theory for hom-associative algebras. Given a hom-
associative algebra (A, µ, α), its n-th cochain group Cnα(A,A) consists of multiliear maps f : A
⊗n →
A which satisfies α ◦ f = f ◦ α⊗n and the coboundary operator δα is similar to the Hochschild
coboundary but suitably twisted by α. In [1] the authors also introduce a degree −1 graded Lie
bracket [−,−]α on the cochain groups C
•
α(A,A).
In this paper, we introduce a cup product ∪α on the cochain groups C
•
α(A,A) of a hom-associative
algebra. It follows from the defining condition of A that the cup product ∪α is associative. Moreover,
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the coboundary operator δα is a graded derivation with respect to ∪α. Therefore, it induces an
associative cup product (also denoted by ∪α) on the cohomology H
•
α(A,A). The cup product on the
cochain level may not be graded commutative but it is at the level of cohomology. We show that
the degree −1 graded Lie bracket [−,−]α on C
•
α(A,A) induces a degree −1 graded Lie bracket on
H•α(A,A). Finally, these structures on H
•
α(A,A) satisfy the Leibniz rule to become a Gerstenhaber
algebra.
Throughout this paper all vector spaces over a field K of characteristic 0.
2. Hom-associative algebras and graded pre-Lie algebras
The aim of this section is to recall some preliminaries on hom-associative algebras, its Hochschild
type cohomology [1,8,9] and graded pre-Lie algebras [4].
2.1. Definition. A hom-associative algebra is a triple (A, µ, α) consists of a vector space A together
with a bilinear map µ : A×A→ A and a linear map α : A→ A satisfying
µ(α(a), µ(b, c)) = µ(µ(a, b), α(c)), for all a, b, c ∈ A.(1)
A hom-associative algebra (A, µ, α) is called multiplicative if
α(µ(a, b)) = µ(α(a), α(b)), for all a, b ∈ A.
In this paper, by a hom-associative algebra, we shall always mean a multiplicative hom-associative
algebra unless otherwise stated. When α = identity, in any case, one gets the definition of a classical
associative algebra.
2.2. Example. Let (A, µ) be an associative algebra and α : A→ A be an algebra homomorphism.
Then the triple (A,α ◦ µ, α) forms an hom-associative algebra.
2.3. Example. Let A be a two dimensional vector space with basis {e1, e2}. Define a multiplication
µ : A×A→ A by
µ(ei, ej) =


e1 if (i, j) = (1, 1)
e2 if (i, j) 6= (1, 1).
A linear map α : A → A is defined by α(e1) = e1 − e2 and α(e2) = 0. Then the triple (A, µ, α)
defines a hom-associative algebra structure.
Next, we recall the definition of Hochschild type cohomology for hom-associative algebras [1].
Like classical case, these cohomology theory controls the deformation of hom-associative algebras.
Let (A, µ, α) be a hom-associative algebra. For each n ≥ 1, we define a K-vector space Cnα(A,A)
consisting of all multilinear maps f : A⊗n → A satisfying α ◦ f = f ◦ α⊗n, that is,
(α ◦ f)(a1, . . . , an) = f(α(a1), . . . , α(an)), for all ai ∈ A.
Define δα : C
n
α(A,A)→ C
n+1
α (A,A) by the following
(δαf)(a1, a2, . . . , an+1) = µ
(
αn−1(a1), f(a2, . . . , an+1)
)
+
n∑
i=1
(−1)if
(
α(a1), . . . , α(ai−1), µ(ai, ai+1), α(ai+2), . . . , α(an+1)
)
+ (−1)n+1µ(f(a1, . . . , an), α
n−1(an+1)).
Then we have δ2α = 0. Therefore, if Z
n
α(A,A) = {f ∈ C
n
α(A,A)| δα(f) = 0} denote the space
of n-cocycles and Bnα(A,A) = {δαg| g ∈ C
n−1
α (A,A)} denote the space of n-coboundaries, we have
Bnα(A,A) ⊆ Z
n
α(A,A). The n-th cohomology group of the hom-associative algebra (A, µ, α) is defined
by
Hnα(A,A) :=
Znα(A,A)
Bnα(A,A)
, for n ≥ 2.
In general, the cohomology groups of hom-associative algebras does not make sense for n = 0, 1.
When α = identity, one can define the space of zero-th cochains by A and the coboundary map by
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(δa)(b) = µ(b, a) − µ(a, b), for a, b ∈ A. Thus, the cohomology groups make sense for any n ≥ 0
and one recovers the classical Hochschild cohomology of an associative algebra. Therefore, in the
case of hom-associative algebras, the expected Gerstenhaber algebra structure carries on the graded
cohomology space ⊕n≥2H
n
α(A,A).
2.4. Remark. Let (A, µ, α) be a hom-associative algebra. Then µ ∈ C2α(A,A). It follows from
the hom-associativity condition that δα(µ) = 0. Therefore, µ defines a 2-cocycle. This is infact a
coboundary and is given by µ = δα(id) where id ∈ C
1
α(A,A) is the identity map on A.
Next, we recall some details on graded pre-Lie algebras [4].
2.5. Definition. A pre-Lie system {Vm, ◦i} consists of a sequence of vector spaces Vm,m ≥ 0, and
for each m,n ≥ 0 there exist linear maps
◦i : Vm ⊗ Vn → Vm+n, (f, g) 7→ f ◦i g 0 ≤ i ≤ m
satisfying
(f ◦i g) ◦j h =


(f ◦j h) ◦i+p g if 0 ≤ j ≤ i− 1
f ◦i (g ◦j−i h) if i ≤ j ≤ n+ 1.
2.6. Example. Let A be a vector space and define Vm to be the space of all multilinear maps from
A⊗m+1 to A for m = 0, 1, . . .. If f ∈ Vm and g ∈ Vn with m,n ≥ 0, then for 0 ≤ i ≤ m, define
f ◦i g ∈ Vm+n by
(f ◦i g)(a0, a1, . . . , am+n) = f
(
a0, . . . , ai−1, g(ai, ai+1, . . . , ai+n), ai+n+1, . . . , am+n
)
.
In the next section, we generalize this example to a vector space A equipped with a linear map α.
Let {Vm, ◦i} be a pre-Lie system. Then for any m,n ≥ 0, there is a new linear map
◦ : Vm ⊗ Vn → Vm+n, (f, g) 7→ f ◦ g
defined by
f ◦ g =
m∑
i=0
(−1)nif ◦i g, for f ∈ Vm, g ∈ Vn.
In the next, we well need the following useful result [4, Theorem 2].
2.7. Theorem. Let {Vm, ◦i} be a pre-Lie system and f ∈ Vm, g ∈ Vn and h ∈ Vp, respectively.
Then
(i) (f ◦ g) ◦ h − f ◦ (g ◦ h) =
∑
i,j(−1)
ni+pj(f ◦i g) ◦j h, where the summation is indexed over
those i and j with either 0 ≤ j ≤ i− 1 or n+ i+ 1 ≤ j ≤ m+ n.
(ii) (f ◦ g) ◦ h− f ◦ (g ◦ h) = (−1)np[(f ◦ h) ◦ g − f ◦ (h ◦ g)].
2.8. Definition. A graded pre-Lie algebra {Vm, ◦} consists of vector spaces Vm together with linear
maps ◦ : Vm ⊗ Vn → Vm+n satisfying
(f ◦ g) ◦ h− f ◦ (g ◦ h) = (−1)np[(f ◦ h) ◦ g − f ◦ (h ◦ g)], for f ∈ Vm, g ∈ Vn, h ∈ Vp.
It is proved in [4] that the graded commutator of a graded pre-Lie algebra defines a graded Lie
algebra structure. More precisely, if {Vm, ◦} is a graded pre-Lie algebra, then the bracket [−,−]
defined by
[f, g] = f ◦ g − (−1)mng ◦ f, for f ∈ Vm, g ∈ Vn
defines a graded Lie algebra structure on ⊕Vm.
2.9. Remark. It follows from Theorem 2.7(ii) that if {Vm, ◦i} is a pre-Lie system then {Vm, ◦}
forms a graded pre-Lie algebra. Therefore, by applying the graded commutator we get a graded Lie
algebra structure on ⊕Vm.
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3. Shifted graded Lie bracket
Let A be a vector space and α : A → A be a linear map. For each m ≥ 0 define V αm to be the
space of all multilinear maps f : A⊗m+1 → A satisfying
(α ◦ f)(a1, . . . , am+1) = f(α(a1), . . . , α(am+1)), for all ai ∈ A.
It is proved in [1, Theorem 3.3] that the graded vector space ⊕m≥0Vm carries a graded Lie algebra
structure. Here, we will give an alternating proof of the same fact. Our construction of the same
graded Lie algebra structure is based on the pre-Lie system.
If f ∈ V αm and g ∈ V
α
n with m,n ≥ 0, then for 0 ≤ i ≤ m, define f ◦i g ∈ V
α
m+n by
(f ◦i g)(a0, a1, . . . , am+n) = f
(
αna0, . . . , α
nai−1, g(ai, ai+1, . . . , ai+n), α
nai+n+1, . . . , α
nam+n
)
.
In the rest of the paper, by ◦i operation, we shall always mean the operation defined above
(involving α).
3.1. Proposition. With the above notations {V αm , ◦i} forms a pre-Lie system.
Proof. Let f ∈ V αm , g ∈ V
α
n and h ∈ V
α
p . For 0 ≤ j ≤ i− 1 we have
((f ◦j h) ◦i+p g)(a0, a1, . . . , am+n+p)
= (f ◦j h)
(
αna0, . . . , α
nai+p−1, g
(
ai+p, . . . , ai+p+n
)
, αnai+p+n+1, . . . , α
nam+n+p
)
= f
(
αn+pa0, . . . , α
n+paj−1, h
(
αnaj , . . . , α
naj+p
)
, . . . , αn+pai+p−1, α
pg
(
ai+p, . . . , ai+p+n
)
, . . . , αn+pam+n+p
)
= (f ◦i g)
(
αpa0, . . . , α
paj−1, h
(
aj , . . . , aj+p
)
, αpaj+p+1, . . . , α
pam+n+p
)
= ((f ◦i g) ◦j h)(a0, a1, . . . , am+n+p).
Similarly, for 1 ≤ j ≤ n+ 1 we have
(f ◦i (g ◦j−i h))(a0, a1, . . . , am+n+p)
= f
(
αn+pa0, . . . , α
n+pai−1, (g ◦j−i h)(ai, . . . , ai+n+p), α
n+pai+n+p+1, . . . , α
n+pam+n+p
)
= f
(
αn+pa0, . . . , α
n+pai−1, g
(
αpai, . . . , α
paj−1, h(aj , . . . , aj+p), . . . , α
pai+n+p
)
, . . . , αn+pam+n+p
)
= (f ◦i g)
(
αpa0, . . . , α
pai−1, α
pai, . . . , α
paj−1, h
(
aj, . . . , aj+p
)
, αpaj+p+1, . . . , α
pam+n+p
)
= ((f ◦i g) ◦j h)(a0, a1, . . . , am+n+p).

Therefore, it follows from Remark 2.9 that given a vector space A together with a linear map
α : A→ A, the pair {V αm , ◦} forms a graded pre-Lie algebra. Hence, the graded commutator defines
a graded Lie algebra structure on ⊕V αm. More precisely, the graded Lie bracket [−,−] : V
α
m × V
α
n →
V αm+n is given by
[f, g] = f ◦ g − (−1)mng ◦ f, for f ∈ V αm , g ∈ V
α
n ,
where f◦g =
∑m
i=0(−1)
nif◦ig. This gives an alternative and less computational proof of [1, Theorem
3.3].
Let (A, µ, α) be a hom-associative algebra and consider the graded Lie algebra structure on ⊕V αm
defined above. Since Cmα (A,A) = V
α
m−1 for m ≥ 1, the Hochschild type cochain groups C
•
α(A,A)
carries a shifted graded Lie algebra structure. Explicitly, the shifted graded Lie bracket
[−,−]α : C
m
α (A,A) × C
n
α(A,A)→ C
m+n−1
α (A,A), m, n ≥ 1
is given by
[f, g]α = f ◦ g − (−1)
(m−1)(n−1)g ◦ f, for f ∈ Cmα (A,A), g ∈ C
n
α(A,A),
where (f◦g)(a1, . . . , am+n−1) =
∑m
i=1(−1)
(n−1)(i−1)f(αn−1a1, . . . , g(ai, . . . , ai+n−1), . . . , α
n−1am+n−1).
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For any f ∈ Cnα(A,A) = V
α
n−1, we observe that
(f ◦ µ− (−1)n−1µ ◦ f)(a1, . . . , an+1)
=
n∑
i=1
(−1)i−1f
(
α(a1), . . . , µ(ai, ai+1), . . . , α(an+1)
)
− (−1)n−1µ(f(a1, . . . , an), α
n−1an+1)− (−1)
n−1(−1)n−1µ(αn−1a1, f(a2, . . . , an+1))
= −
n∑
i=1
(−1)if
(
α(a1), . . . , µ(ai, ai+1), . . . , α(an+1)
)
− (−1)n−1µ(f(a1, . . . , an), α
n−1an+1)− µ(α
n−1a1, f(a2, . . . , an+1)) = −(δαf)(a1, . . . , an+1).
Hence,
δαf = −(f ◦ µ− (−1)
n−1µ ◦ f) = −[f, µ]α = (−1)
n−1[µ, f ]α, for f ∈ C
n
α(A,A).(2)
3.2. Proposition. For any f ∈ Cmα (A,A) and g ∈ C
n
α(A,A), m,n ≥ 1, we have
δα[f, g]α = (−1)
n+1[δαf, g]α + [f, δαg]α.
Proof. It follows from (2) that
δα[f, g]α = (−1)
m+n[µ, [f, g]α]α
= (−1)m+n[[µ, f ]α, g]α + (−1)
n+1[f, [µ, g]α]α (shifted graded Jacobi identity)
= (−1)n+1[δαf, g]α + [f, δαg]α.

3.3. Remark. It follows from Proposition 3.2 that if f ∈ Zmα (A,A) and g ∈ Z
n
α(A,A), m,n ≥ 1,
then [f, g]α ∈ Z
m+n−1
α (A,A). Moreover, if either f ∈ B
m
α (A,A) or g ∈ B
n
α(A,A) then [f, g]α ∈
Bm+n−1α (A,A). Therefore, the degree −1 graded Lie bracket [−,−]α on C
•
α(A,A) induces a degree
−1 graded Lie bracket on H•α(A,A). We denote the induced bracket on H
•
α(A,A) by the same
symbol [−,−]α.
4. Cup product
The aim of this section is to define a cup product on the cohomology of a hom-associative algebra.
Let (A, µ, α) be a hom-associative algebra. For f ∈ Cmα (A,A) and g ∈ C
n
α(A,A) with m,n ≥ 1,
define f ∪α g ∈ C
m+n
α (A,A) by
(f ∪α g)(a1, . . . , am+n) = µ(f(α
n−1a1, . . . , α
n−1am), g(α
m−1am+1, . . . , α
m−1am+n))
= µ(αn−1f(a1, . . . , am), α
m−1g(am+1, . . . , am+n)).
(Note the powers of α in the above expression.) Then it follows from the hom-associativity condition
(1) that the cup product ∪α is associative on C
•
α(A,A). In other words,
f ∪α (g ∪α h) = (f ∪α g) ∪α h,(3)
for any f ∈ Cmα (A,A) , g ∈ C
n
α(A,A) and h ∈ C
p
α(A,A).
4.1. Remark. Let f ∈ Cmα (A,A) and g ∈ C
n
α(A,A) with m,n ≥ 1. Consider them as elements of
V αm−1 and V
α
n−1, respectively. We observe that the cup product ∪α and the ◦i products defined in
the begining of Section 3 are related by the followings
f ∪α g = ((µ ◦0 f) ◦m g) and g ∪α f = ((µ ◦1 f) ◦0 g).
In the next result, we prove that the differential δα on C
•
α(A,A) satisfies the graded Leibniz rule
with respect to the cup product.
4.2. Proposition. For f ∈ Cmα (A,A) and g ∈ C
n
α(A,A) with m,n ≥ 1, we have
δα(f ∪α g) = δαf ∪α g + (−1)
mf ∪α δαg.
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Proof. For any a1, a2, . . . , am+n+1 ∈ A, we have
(δα(f ∪α g))(a1, a2, . . . , am+n+1)
= µ(αm+n−1(a1), (f ∪α g)(a2, . . . , am+n+1))
+
m+n∑
i=1
(−1)i(f ∪α g)(α(a1), . . . , α(ai−1), µ(ai, ai+1), α(ai+2), . . . , α(am+n+1))
+ (−1)m+n+1µ((f ∪α g)(a1, . . . , am+n), α
m+n−1(am+n+1))
= µ
(
αm+n−1(a1), µ(f(α
n−1a2, . . . , α
n−1am+1), g(α
m−1am+2, . . . , α
m−1am+n+1))
)
+
m∑
i=1
(−1)iµ(f(αna1, . . . , α
n−1µ(ai, ai+1), . . . , α
nam+1), g(α
mam+2, . . . , α
mam+n+1))
+
n∑
i=1
(−1)m+iµ(f(αna1, . . . , α
nam), g(α
mam+1, . . . , α
m−1µ(am+i, am+i+1), . . . , α
m(am+n+1)))
+ (−1)m+n+1µ
(
µ
(
f(αn−1a1, . . . , α
n−1am), g(α
m−1am+1, . . . , α
m−1am+n)
)
, αm+n−1(am+n+1)
)
= µ
([
µ( αm+n−2(a1), f(α
n−1a2, . . . , α
n−1am+1))
+
m∑
i=1
(−1)if
(
α(αn−1a1), . . . , µ(α
n−1ai, α
n−1ai+1), . . . , α(α
n−1am+1)
)
+ (−1)m+1µ( f(αn−1a1, . . . , α
n−1am), α
m+n−2am+1)
]
, g(αmam+2, . . . , α
mam+n+1)
)
+ (−1)mµ
(
f(αna1, . . . , α
nam),
[
µ( αm+n−2am+1, g(a
m−1am+2, . . . , α
m−1am+n+1))
+
n∑
i=1
(−1)ig
(
α(αm−1am+1), . . . , µ(α
m−1am+i, α
m−1am+i+1), . . . , α(α
m−1am+n+1)
)
+ (−1)n+1µ
(
g(αm−1am+1, . . . , α
m−1am+n), α
m+n−2(am+n+1)
)])
(using hom-associativity)
= µ
(
(δαf)(α
n−1a1, . . . , α
n−1am+1), g(α
mam+2, . . . , α
mam+n+1)
)
+ (−1)mµ
(
f(αna1, . . . , α
nam), (δαg)(α
m−1am+1, . . . , α
m−1am+n+1)
)
=
[
δαf ∪α g + (−1)
mf ∪α δαg
]
(a1, a2, . . . , am+n+1).
Hence the result follows. 
4.3.Remark. It follows from Proposition 4.2 that if f ∈ Zmα (A,A) and g ∈ Z
n
α(A,A), m,n ≥ 1, then
f ∪α g ∈ Z
m+n
α (A,A). Moreover, if either f ∈ B
m
α (A,A) or g ∈ B
n
α(A,A) then f ∪α g ∈ B
m+n
α (A,A).
Therefore, the cup product ∪α on C
•
α(A,A) induces an associative (cup) product on H
•
α(A,A). We
denote the induced cup product on H•α(A,A) by the same symbol ∪α. It follows from condition (3)
that ∪α is associative on H
•
α(A,A).
The cup product ∪α on the cochain level may not be graded commutative. In the next, we will
prove that the cup product ∪α is graded commutative at the cohomology level. The proof is similar
to classical case [4].
4.4. Proposition. Let (A, µ, α) be a hom-associative algebra. For any f ∈ Cmα (A,A) and g ∈
Cnα(A,A), we have
f ◦ δαg − δα(f ◦ g) + (−1)
n−1δαf ◦ g = (−1)
n−1
(
g ∪α f − (−1)
mnf ∪α g
)
.
Proof. By using (2) we get
f ◦ δαg − δα(f ◦ g) + (−1)
n−1δαf ◦ g
= (−1)n−1f ◦ (µ ◦ g)− f ◦ (g ◦ µ)− (−1)m+n−2µ ◦ (f ◦ g) + (f ◦ g) ◦ µ
+ (−1)n−1(−1)m−1(µ ◦ f) ◦ g − (−1)n−1(f ◦ µ) ◦ g.(4)
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Since {V αm, ◦i} is a pre-Lie system and f ∈ V
α
m−1, g ∈ V
α
n−1, µ ∈ V
α
1 , by Theorem 2.7(ii) we get
(f ◦ g) ◦ µ− f ◦ (g ◦ µ) = (−1)n−1(f ◦ µ) ◦ g − (−1)n−1f ◦ (µ ◦ g).
Substituting the above relation in (4) we get
f ◦ δαg − δα(f ◦ g) + (−1)
n−1δαf ◦ g
= (−1)m+n[(µ ◦ f) ◦ g − µ ◦ (f ◦ g)]
= (−1)m+n[(−1)m(n−1)(µ ◦0 f) ◦m g + (−1)
m−1(µ ◦1 f) ◦0 g] (by Theorem 2.7 (i))
= (−1)m+n[(−1)m(n−1)f ∪α g + (−1)
m−1g ∪α f ] (by Remark 4.1)
= (−1)mn+nf ∪α g + (−1)
n−1g ∪α f = (−1)
n−1[g ∪α f − (−1)
mnf ∪α g].

4.5. Remark. It follows from Proposition 4.4 that if f ∈ Zmα (A,A) and g ∈ Z
n
α(A,A) then
(−1)n[g ∪α f − (−1)
mnf ∪α g] = δα(f ◦ g).
Hence, at the level of cohomology, the cup product is graded commutative.
5. Leibniz rule
Let (A, µ, α) be a hom-associative algebra. In this section, we prove that the degree −1 graded
Lie bracket [−,−]α and the cup product ∪α on the Hochschild type cohomology H
•
α(A,A) satisfies
the Leibniz rule of a Gerstenhaber algebra.
For simplicity we will use the following notations. The multiplication µ : A × A → A, (a, b) 7→
µ(a, b) is denoted by the dot ·, therefore, a · b = µ(a, b). Let a1, a2, . . . ∈ A be arbitrary. For any
i ≤ j and θ ≥ 0, we will write aθij for (α
θai, . . . , α
θaj). Sometimes we also omit the arguments from
an expression of the form
f(αθaλ, α
θaλ+1, . . . , α
θaλ+m−1) or g(α
θaλ, α
θaλ+1, . . . , α
θaλ+n−1)
and simply write them as fθ or gθ. It is easy to write down the correct aruments as it depend only
on the first index.
Let f ∈ Cmα (A,A), g ∈ C
n
α(A,A) and h ∈ C
p
α(A,A) be three cochains. Let 1 ≤ i ≤ p − 1 and
m+ i ≤ j ≤ m+ p− 1. For any a1, a2, . . . , am+n+p−1 ∈ A, we set
hij = (α
m+n+p−3a1) · h(a
m+n−2
2,i , f
n−1, am+n−2i+m+1,j , g
m−1, am+n−2j+n+1,m+n+p−1)
+
i−1∑
λ=1
(−1)λ h(am+n−11,λ−1 , α
m+n−2(aλ · aλ+1), a
m+n−1
λ+2,i , f
n, am+n−1i+m+1,j , g
m, am+n−1j+n+1,m+n+p−1)
+ (−1)i h(am+n−1a1,i−1, a
m+n−2
i · f
n−1, am+n−1i+m+1,j , g
m, am+n−1j+n+1,m+n+p−1),
h′ij = (−1)
m+i−1 h(am+n−11,i−1 , f
n−1 · am+n−2ai+m, a
m+n−1
i+m+1,j , g
m, am+n−1j+n+1,m+n+p−1)
+
j−1∑
λ=m+i
(−1)λ h(am+n−11,i−1 , f
n, am+n−1i+m,λ−1, α
m+n−2(aλ · aλ+1), a
m+n−1
λ+2,j , g
m, am+n−1j+n+1,m+n+p−1)
+ (−1)j h(am+n−11,i−1 , f
n, am+n−1i+m,j−1, a
m+n−2
j · g
m−1, am+n−1j+n+1,m+n+p−1)
and
h′′ij = (−1)
j+n−1 h(am+n−11,i−1 , f
n, am+n−1i+m,j−1, g
m−1 · am+n−2j+n , a
m+n−1
j+n+1,m+n+p−1)
+
m+n+p−2∑
λ=j+n
(−1)λ h(am+n−11,i−1 , f
n, am+n−1i+m,j−1, g
m, am+n−1j+n,λ−1, α
m+n−2(aλ · aλ+1), a
m+n−1
λ+2,m+n+p−1)
+ (−1)m+n+p−1h(am+n−2i,i−1 , f
n−1, am+n−2i+m,j−1, g
m−1, am+n−2j+n,m+n+p−2) · α
m+n+p−3(am+n+p−1).
We need the following useful result.
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5.1. Lemma. Let (A, µ, α) be a hom-associative algebra and f ∈ Zmα (A,A), g ∈ Z
n
α(A,A), h ∈
Cpα(A,A). For 1 ≤ i ≤ p− 1, m+ i ≤ j ≤ m+ p− 1,
hij + h
′
ij + h
′′
ij = δα((h ◦i−1 f) ◦j−1 g)(a1, a2, . . . , am+n+p−1).
Proof. We have
δα((h ◦i−1 f) ◦j−1 g)(a1, a2, . . . , am+n+p−1)
= (αm+n+p−3a1) · ((h ◦i−1 f) ◦j−1 g)(a2, . . . , am+n+p−1)
+
m+n+p−2∑
λ=1
(−1)λ((h ◦i−1 f) ◦j−1 g)(α(a1), . . . , α(aλ−1), aλ · aλ+1, α(aλ+2), . . . , α(am+n+p−1))
+ (−1)m+n+p−1((h ◦i−1 f) ◦j−1 g)(a1, a2, . . . , am+n+p−2) · α
m+n+p−3(am+n+p−1)
= (αm+n+p−3a1) · h(a
m+n−2
2,i , f
n−1, am+n−2i+m+1,j , g
m−1, am+n−2j+n+1,m+n+p−1)
+
i−1∑
λ=1
+
m+i−1∑
λ=i
+
j−1∑
λ=m+i
+
j+n−1∑
λ=j
+
m+n+p−2∑
λ=j+n
+ (−1)m+n+p−1h(am+n−2i,i−1 , f
n−1, am+n−2i+m,j−1, g
m−1, am+n−2j+n,m+n+p−2) · α
m+n+p−3(am+n+p−1).
Note that
i−1∑
λ=1
=
i−1∑
λ=1
(−1)λ h(am+n−11,λ−1 , α
m+n−2(aλ · aλ+1), a
m+n−1
λ+2,i , f
n, am+n−1i+m+1,j , g
m, am+n−1j+n+1,m+n+p−1),
j−1∑
λ=m+i
=
j−1∑
λ=m+i
(−1)λ h(am+n−11,i−1 , f
n, am+n−1i+m,λ−1, α
m+n−2(aλ · aλ+1), a
m+n−1
λ+2,j , g
m, am+n−1j+n+1,m+n+p−1)
and
m+n+p−2∑
λ=j+n
=
m+n+p−2∑
λ=j+n
(−1)λ h(am+n−11,i−1 , f
n, am+n−1i+m,j−1, g
m, am+n−1j+n,λ−1, α
m+n−2(aλ · aλ+1), a
m+n−1
λ+2,m+n+p−1).
Moreover, since f is a cocycle, we observe that
m+i−1∑
λ=i
= (−1)i h(am+n−1a1,i−1, a
m+n−2
i · f
n−1, am+n−1i+m+1,j , g
m, am+n−1j+n+1,m+n+p−1)
+ (−1)m+i−1 h(am+n−11,i−1 , f
n−1 · am+n−2ai+m, a
m+n−1
i+m+1,j , g
m, am+n−1j+n+1,m+n+p−1).
Similarly, g is a cocycle implies that
j+n−1∑
λ=j
= (−1)j h(am+n−11,i−1 , f
n, am+n−1i+m,j−1, a
m+n−2
j · g
m−1, am+n−1j+n+1,m+n+p−1)
+ (−1)j+n−1 h(am+n−11,i−1 , f
n, am+n−1i+m,j−1, g
m−1 · am+n−2j+n , a
m+n−1
j+n+1,m+n+p−1).
Hence, the result follows from the definition of hij , h
′
ij and h
′′
ij . 
The Lemma will be used to prove the next proposition. We first take f ∈ Zmα (A,A), g ∈ Z
n
α(A,A)
and h ∈ Zpα(A,A), m,n, p ≥ 1. Then one can easily check that
h ◦ (f ∪α g)− (−1)
n(p−1)(h ◦ f) ∪α g − f ∪α (h ◦ g) = 0,
whenever p = 1. To prove this, one only needs that h is a 1-cocycle. If p 6= 1, the left hand side of
the above equality may not be zero. However, the next proposition suggests that this is given by a
coboundary. The proof of the result is similar to [4, Theorem 5].
5.2. Proposition. Let (A, µ, α) be a hom-associative algebra and f ∈ Zmα (A,A), g ∈ Z
n
α(A,A) and
h ∈ Zpα(A,A). Let
H =
p−2∑
i=0
m+p−2∑
j=m+i
(−1)(m−1)i+(n−1)j(h ◦i f) ◦j g.
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Then H ∈ Cm+n+p−2α (A,A) and
δαH = (−1)
(m−1)n
[
h ◦ (f ∪α g)− (−1)
n(p−1)(h ◦ f) ∪α g − f ∪α (h ◦ g)
]
.
Proof. For 1 ≤ i ≤ p − 1, m + i ≤ j ≤ m + p − 1 and a1, a2, . . . , am+n+p−1 ∈ A, we have from
Lemma 5.1 that
hij + h
′
ij + h
′′
ij = δα((h ◦i−1 f) ◦j−1 g)(a1, a2, . . . , am+n+p−1).(5)
In particular, if m+ i+ 1 ≤ j ≤ m+ p− 2, then
hij + (−1)
m−1h′i+1,j + (−1)
(m−1)+(n−1)h′′i+1,j+1(6)
= (δαh)(a
m+n−2
1,i , f
n−1, am+n−2i+m+1,j , g
m−1, am+n−2j+n+1,m+n+p−1) = 0,
as h is a cocycle. One may also extend the range of indices for which (6) is valid by setting
h0,j = (f ∪α (h ◦j−m g))(a1, . . . , am+n+p−1) for j = m,m+ 1, . . . ,m+ p− 1(7)
h′i,m+i−1 = (−1)
m+i−1(h ◦i−1 (f ∪α g))(a1, . . . , am+n+p−1) for i = 1, 2, . . . , p(8)
h′′i,m+p = (−1)
m+n+p−1((h ◦i−1 f) ∪α g)(a1, . . . , am+n+p−1) for i = 1, 2, . . . , p.(9)
Therefore, (6) holds for all those pairs (i, j) such that 0 ≤ i ≤ p − 1 and m + i ≤ j ≤ m + p − 1.
Hence,
∑
(i,j)
(−1)(m−1)(i−1)+(n−1)(j−1)
[
hij + (−1)
m−1h′i+1,j + (−1)
(m−1)+(n−1)h′′i+1,j+1
]
= 0,(10)
where the sum is indexed over all the pairs (i, j) such that 0 ≤ i ≤ p − 1, m + i ≤ j ≤ m+ p− 1.
Moreover, it follows from (5) that
(δαH)(a1, . . . , am+n+p−1) =
p−1∑
i=1
m+p−1∑
j=m+i
(−1)(m−1)(i−1)+(n−1)(j−1)(hij + h
′
ij + h
′′
ij).
One can easily observe that the whole expression of (δαH)(a1, . . . , am+n+p−1) contained in the
left hand side of (10). Although, the left hand side of (10) contain additional terms (with some
signs) which are of the forms (7), (8) and (9). More precisely, by substituting the expression of
(δαH)(a1, . . . , am+n+p−1) in (10), we get
(δαH)(a1, . . . , am+n+p−1) +
m+p−1∑
j=m
(−1)−(m−1)+(n−1)(j−1)h0j
+
p−1∑
i=0
(−1)(m−1)(i−1)+(n−1)(m+i−1)+(m−1)h′i+1,m+i
+
p−1∑
i=0
(−1)(m−1)(i−1)+(n−1)(m+p−2)+(m−1)+(n−1)h′′i+1,m+p = 0.
Thus, it follows from (7), (8) and (9) that
δαH + (−1)
(m−1)nf ∪α (h ◦ g) + (−1)
(m−1)n+1h ◦ (f ∪α g) + (−1)
(m−1)n+n(p−1)(h ◦ f) ∪α g = 0.
Hence the result follows. 
5.3. Proposition. For any f ∈ Cmα (A,A), g ∈ C
n
α(A,A) and h ∈ C
p
α(A,A), we have
(f ∪α g) ◦ h = (f ◦ h) ∪α g + (−1)
m(p−1)f ∪α (g ◦ h).
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Proof. For any a1, a2, . . . , am+n+p−1 ∈ A,
((f ∪α g) ◦ h)(a1, a2, . . . , am+n+p−1)
=
m+n∑
i=1
(−1)(p−1)(i−1) (f ∪α g)(a
p−1
1,i−1, h(ai, . . . , ai+p−1), a
p−1
i+p,m+n+p−1)
=
m∑
i=1
(−1)(p−1)(i−1)
(
αn−1f(αp−1a1, . . . , h(ai, . . . , ai+p−1), . . . , α
p−1am+p−1)
)
·
(
αm+p−2g(am+p, . . . , am+n+p−1)
)
+
m+n∑
i=m+1
(−1)(p−1)(i−1)
(
αn+p−2f(a1, . . . , am)
)
·
(
αm−1g(αp−1am+1, . . . , h(ai, . . . , ai+p−1), . . . , α
p−1am+n+p−1)
)
=
( m∑
i=1
(−1)(p−1)(i−1)αn−1f(αp−1a1, . . . , h(ai, . . . , ai+p−1), . . . , α
p−1am+p−1)
)
·
(
αm+p−2g(am+p, . . . , am+n+p−1)
)
+ (−1)m(p−1)
(
αn+p−2f(a1, . . . , am)
)
·
( n∑
i=1
(−1)(p−1)(i−1)αm−1g(αp−1am+1, . . . , h(am+i, . . . , am+p−1), . . . , α
p−1am+n+p−1))
)
=
(
αn−1(f ◦ h)(a1, . . . , am+p−1)
)
·
(
αm+p−2g(am+p, . . . , am+n+p−1)
)
+ (−1)m(p−1)
(
αn+p−2f(a1, . . . , am)
)
·
(
αm−1(g ◦ h)(am+1, . . . , am+n+p−1)
)
=
(
(f ◦ h) ∪α g + (−1)
m(p−1)f ∪α (g ◦ h)
)
(a1, a2, . . . , am+n+p−1).

Finally, we prove the following.
5.4. Proposition. If f ∈ Zmα (A,A), g ∈ Z
n
α(A,A) and h ∈ Z
p
α(A,A) then
[f ∪α g, h]α − [f, h]α ∪α g − (−1)
m(p−1)f ∪α [g, h]α = ±δαH.
Proof. We have
[f ∪α g, h]α − [f, h]α ∪α g − (−1)
m(p−1)f ∪α [g, h]α
= (f ∪α g) ◦ h− (−1)
(p−1)(m+n−1)h ◦ (f ∪α g)− (f ◦ h) ∪α g + (−1)
(m−1)(p−1)(h ◦ f) ∪α g
− (−1)m(p−1)f ∪α (g ◦ h) + (−1)
m(p−1)(−1)(n−1)(p−1)f ∪α (h ◦ g)
= − (−1)m(p−1)
(
(−1)(n−1)(p−1)h ◦ (f ∪α g) + (−1)
p(h ◦ f) ∪α g − (−1)
(n−1)(p−1)f ∪α (h ◦ g)
)
(by Proposition 5.3)
= ±
(
h ◦ (f ∪α g)− f ∪α (h ◦ g) + (−1)
np−n+1(h ◦ f) ∪α g
)
= ± δαH. (by Proposition 5.2)

5.5. Remark. It follows from Proposition 5.4 that at the level of cohomology, the degree −1 graded
Lie bracket [−,−]α satisfies the Leibniz rule with respect to the cup product ∪α on the cohomology.
Thus, we conclude that the Hochschild type cohomology ⊕n≥2H
n
α(A,A) of a hom-associative
algebra (A, µ, α) carries a Gerstenhaber algebra structure with respect to the degree −1 graded Lie
bracket [−,−]α and the cup product ∪α. When α = identity, one can extend the bracket and the
cup product from the zero-th cochains and they nicely behave (similar to Propositions 3.2, 4.2)
with respect to the Hochschild coboundary. Thus, one gets the Gerstenhaber algebra structure on
Hochschild cohomology ⊕n≥0H
n(A,A) [4].
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Further questions. We end this paper with the following interesting questions:
(i) It is proved in [10] that if a finite dimensional unital associative algebra has a symmetric,
invariant and non-degenerate inner product, then the corresponding Hochschild cohomology carries
a BV algebra structure. In [5] the author proved that the Hochschild cohomology of a Calabi-Yau
algebra also has a BV structure. It is thus interesting to extend our Gerstenhaber algebra structure
to a BV algebra structure on the cohomology of a hom-associative algebra equipped with suitable
inner product as above or some Calabi-Yau condition.
(ii) A pair (A,W) consisting of a Gerstenhaber algebra (A = ⊕i∈ZA
i,∪, [−,−]) and a graded
vector space W is called a precalculus if there is a module structure i• : A⊗W →W of the graded
commutative algebra A on W , an action l• : A⊗W →W of the degree −1 graded Lie algebra A[1]
on W satisfying
i[a,b] = ialb − (−1)
|a|(|b|+1)lbia,
la∪b = laib + (−1)
|a|ialb.
It is called a calculus if there is a degree −1 unary operation δ on W such that δ2 = 0 and
δia − (−1)
|a|iaδ = la.
IfM is a smooth manifold then the pair (T •poly(M),Ω
−•(M)) consisting of polyvector fields T •poly(M)
with the usual Gerstenhaber algebra and the graded vector space Ω−•(M) of differential forms
with reversal grading forms a calculus. Few examples of calculus also arises from noncommutative
geometry [2] and plays a prominent role in the Formality theory.
An example of a calculus also arises from the Hochschild (co)homology theory of associative
algebras. It is proved in [3] that given a associative algebra A, the pair (H•(A,A), H•(A,A)) of
Hochschild cohomology and homology forms a calculus. It will be nice to investigate the properties of
a calculus structure on the Hochschild type (co)homology theory of hom-associative algebras. This
will be some development on the noncommutative geometry of hom-associative algebras recently
initiated in [7].
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